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Abstract

Mixed convection heat transfer in channels with a heated curved surface bounded by a vertical adiabatic wall has
been studied numerically. Two cases are considered: in the first case, the flow experiences a convex curvature and an
increasing cross-sectional flow area (adverse pressure gradient), while in the second case, the flow experiences a
concave curvature with a decreasing flow cross-section (favorable pressure gradient). Results are obtained for
various curvature ratios (R/L) of the concave/convex wall, and compared with straight channels of equal heated
lengths and equal heights. For channels with a convex heated surface, where the increase in flow cross-sectional area
decelerates the flow while buoyancy accelerates the flow, separation is observed near the heated surface at low
values of Gr/Re* and on the opposite vertical wall at high values of Gr/Re?. For low R/L, high Gr/Re? and high Pr
values, the overall heat transfer on the convex surface is greater than the overall heat transfer in a straight channel
of equal height. However, when compared on an equal heated area basis, the convex surface has lower heat
transfer. For channels with concave walls, where the decrease in cross-sectional area and buoyancy both accelerate
the flow, separation is not observed, and considerably greater heat transfer rates are obtained. The overall heat
transfer on the concave surface is always greater than a straight channel of equal height. However, when compared
to a straight channel of equal heated surface area, there is a critical Gr/Re®> value below which heat transfer
enhancement is obtained with concave surfaces. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

There are a variety of applications involving flow
in passages bounded by a curved surface on one
side where buoyancy effects are important due to
temperature differences between a heated surface
and the fluid. Such applications include flow in
coolant passages adjoining hot contoured nozzle sec-
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tions, flow in dome shaped reactors, and flows in
chimneys, afterburners, and hot transition sections.
They could also be of interest in applications such
as energy conservation in buildings aiming to maxi-
mize or minimize heat transfer with innovative de-
signs and architecture. However, the majority of the
studies dealing with forced, free or mixed convec-
tion have been confined to channel and pipe geome-
tries, and there is an extensive body of literature on
this topic [1-8]. Mixed convection in channels with
curved entry-surfaces has not been seriously investi-
gated, and represents the focus of the present inves-
tigation. The geometry selected in this paper is a
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Nomenclature

Cp specific heat

CE function representing curvature effect in
Egs. (10) and (12)

Fi,..., Fs functions appearing in the average Nus-
selt number correlations

g gravitational acceleration

Gry Grashof number, GrpBp3(Ty — To)L? /12

h heat transfer coefficient, h=
—k{§E lwan}/[Th = To]

H dimensional height of the hot wall

measured from the beginning of the
curved surface

k fluid thermal conductivity

L inlet width for channel with convex
entry, exit width for channel with con-
cave entry

Nug local Nusselt number, Nug = ’%

Nu average  Nusselt  number, Nu=
% JS Nus ds

p dimensional pressure

P dimensionless pressure, P = P%fzgy

Pe Peclet number, Pe = Re; Pr Pt

R radius of curvature

R/L aspect ratio

R*/L (D =1+ g7

Re Reynolds number, Re = pyvoL/u

Pr Prandt]l number, Pr = uC,/k

s, S dimensional and dimensionless path
length along the hot curved wall
measured from the beginning of the
curved surface

St total length of the hot curved wall

T dimensional temperature

To dimensional inlet temperature

T dimensional wall temperature of the
heated surface

u, v dimensional velocity components in the
cross-stream and streamwise directions

Vo mean inlet velocity in the streamwise
direction

u, v dimensionless velocity components, U =
u/vo, V=v/vy

X,y dimensional coordinates in the cross-
stream and streamwise directions

X, Y dimensionless  coordinates, X = x/L,
Y=y/L

Greek symbols

p thermal expansion coefficient

En boundary-fitted curvilinear coordinates

u dynamic viscosity

P25 P density and reference density

0 dimensionless temperature, 0=

(T — To)/(Th — To)

generic configuration (not specific to any appli-
cation) of a curved heated surface bounded by a
vertical adiabatic wall. As noted above, heated
curved walls are encountered in a number of appli-
cations, and a goal of this work is to evaluate and
compare the heat transfer on the curved surface
with that on an equivalent vertical flat surface. The
flow and heat transfer in channels with curved sur-
faces are expected to be more complex due to
changes in flow cross-sectional area and the poten-
tial for flow separation.

There is a large body of literature involving sep-
arated forced convection past backsteps (see, for
example, [9,10]). However, buoyancy has been
ignored in these studies. A few related studies invol-
ving mixed convection in separated flows have, how-
ever, been reported. Acharya and Habchi [I11]
studied laminar mixed convection heat transfer in a
partially blocked, vertical channel. Abu-Mulaweh et
al. [12] investigated experimentally laminar mixed
convection behind a two-dimensional backward-
facing step for the buoyancy-opposing case. There-

after, Abu-Mulaweh et al. [13] reported measure-
ments of  buoyancy-assisting, laminar  mixed
convection flow of air along a two-dimensional, ver-
tical backward-facing step. The effects of inclination
angle and Prandtl number in the same geometry
were reported by Hong et al. [14].

Work has also been reported on forced convec-
tion past curved surfaces. Concave curvature is
known to destabilize laminar boundary layers result-
ing in Gortler vortices. These vortices appear
around a critical Gortler number, and lead to three-
dimensional effects that can influence the transition
process both favorably and adversely depending on
freestream turbulence and geometry. Kestoras and
Simon [15] and Finnis and Brown [16] provide a
perspective on the various work reported in this
area. However, no work on curved surfaces has
been reported where buoyancy effects have also
been included.

Recently, Moukalled et al. [17] reported numerical
results for mixed convection in channels with concave
and convex surfaces subjected to favorable and unfa-
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vorable pressure gradients. However, this study was
reported for a fixed Reynolds number (Re) and
Prandtl number (Pr) value. It is the objective of this
study to extend the work in [17], and to analyze the
effects of Prandtl and Reynolds numbers on the heat
transfer characteristics of laminar mixed convection
heat transfer in vertical channels with convex and con-
cave entry surfaces. The primary focus of this paper is
the influence of streamwise curvature on the surface
heat transfer for a range of Reynolds number, Prandtl
number and surface curvature. Only two-dimensional
laminar flow has been considered in this paper, and
the potential development of three-dimensional
instabilities leading to early transition to turbulence
has been ignored. This assumption is made based on
the argument that geometry plays a critical role in dic-
tating the onset and amplification of Gortler vortices
and three-dimensional instabilities, and experiments or
three-dimensional time- and space-accurate simulations
are needed for determining the critical parameters
beyond which the three-dimensional effects and tran-
sition to turbulence becomes important. In the absence
of such experiments or simulations, the simplifying
assumption of two-dimensional and laminar flow has
been made, and parametric effects have been investi-
gated.
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2. Governing equations

The physical situation considered is illustrated sche-
matically in Fig. 1. The curved wall is maintained at a
uniform temperature 7}, which is higher than that of
the inlet flow temperature Ty (79 < Ty). The working
fluid enters the channel from the bottom with a para-
bolic-velocity profile representing flow development
upstream of the channel entrance.

The governing equations are those expressing the
conservation of mass, momentum, and energy. As
noted earlier, the flow is considered to be steady, lami-
nar and two-dimensional. Constant thermal properties
are assumed except for the density in the body force
term of the y-momentum equation which is modeled
by the Boussinesq approximation. The non-dimen-
sional forms of the governing conservation equations
can be written as
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Fig. 1. Schematic of a channel with convex and concave entry.
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(V-v)o= Pievzo 3)

The boundary conditions used are:

Vi, =6(X — X?), U, =0 =0atinlet, and

90 4)

aU .
=37 = 0 at the exit

Y

| @
<=

U=V =0,0 =1 along the heated wall, and

30 ®)
U = V = — = 0 along the insulated walls
D¢
The boundary conditions at the inlet and exit corre-
spond to the case where the heated curved section is
located between an inlet duct and an exit duct. Thus,
flow entering the curved section is assumed to be fully
developed (permitting the use of a parabolic velocity
profile at the inlet). The flow exiting the downstream
development duct is also considered to be fully devel-
oped (permitting the use of zero-gradient condition).
The exit section of the channel is made long enough so
that ther is no reverse flow at the channel exit, and the
outflow zero-gradient boundary condition can be safely
applied.

3. Solution procedure and computational detail

The control volume approach is adopted to solve
the coupled system of equations governing the flow

Table 1
Grid size tests

and temperature fields (Eqgs. (1)-(3)) numerically. The
discretized form of the equations are obtained by first
expressing Egs. (1)-(3) using a general curvilinear
coordinate system ({,#), and then integrating the
resulting equations over each control volume. The inte-
grated equations are reduced to algebraic equations by
expressing the variation in the dependent variable and
its derivatives in terms of the grid point values using
the power law scheme of Patankar [18]. The resulting
system of algebraic equations is solved by a line-by-
line Thomas algorithm [18]. The unknown pressure
field is obtained using the SIMPLE algorithm of
Patankar and Spalding [19]. Solutions are obtained
over a non-staggered grid in which the checkerboard
pressure and velocity fields are eliminated through the
use of the Pressure Weighted Interpolation Method
(PWIM) of Peric [20]. All computations are performed
using non-uniform grids with denser clustering near
the walls where boundary layers develop and high gra-
dients are expected. The grid is generated using the
transfinite interpolation technique [21].

To investigate the sensitivity of the solution to
the grid spacing used, numerical studies were carried
out in the channels with convex and concave entry
on several non-uniform grids and the computed
average Nusselt number values are shown in Table
1. As a compromise between accuracy and CPU
time, the 31 x 81 and 51 x 231 grid systems are re-
spectively used for all calculations in channels with
concave and convex entry. The much larger number of
streamwise points in the channel with convex entry
was due to a longer exit section for the channel associ-

Concave entry channel

Grid size 21 x 51 31 x 81 51 x 101 Maximum difference
Average Nusselt numbers

Gr/Re* =0.1 9.46 9.31 9.35 0.43%

Gr/R* =1.0 9.77 9.69 9.71 0.21%

Gr/Re* =3.0 10.53 10.42 10.44 0.19%

Gr/Re* = 5.0 11.08 11.02 10.99 0.29%

Convex entry channel

Grid size 31 x 231 51 x 231 51 x 281 Maximum difference
Average Nusselt numbers

Gr/Re* =0 7.68 7.66 7.64 0.52%

Gr/Re* =0.1 7.71 7.7 7.68 0.39%

Gr/Re* = 1.0 8.69 8.73 8.76 —0.8%

Gr/Re* = 3.0 10.25 10.24 10.3 0.49%

Gr/Re* = 5.0 11.2 11.13 11.2 0.63%
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ated with flow separation and the numerical require-
ment of specifying an outflow boundary condition.

As a further check for accuracy, the velocity and
temperature profiles across a vertically oriented, asym-
metrically heated straight channel computed by Habchi
and Acharya [8] and Aung and Worku [3] are
compared against profiles obtained by the present
code using the same flow parameters (Fig. 2). The var-
ious sets of results compare very well and are nearly
identical, confirming the credibility of the grid size
used and the solution procedure and algorithm
employed.

1951
4. Results and discussion

The parameters affecting heat transfer in this study
are the Reynolds number Re, the Prandtl number Pr,
the curvature ratio R/L, and the Grashof number Gr.
Seven values of Re (100 < Re<1000) and 10 values of
Pr(0.72<Pr<50) are considered for each value of
Gr/Re* and R/L. The values of R/L are varied from
1.04 to oo while those of Gr/Re* are varied between 0
and 5. In order to reveal the effects of the various par-
ameters on heat transfer, results are presented in terms
of streamline and isotherm plots, velocity and tempera-

1.4 =
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12 | Re=378 . _. _-
L Y=3
1.0 7
%
B 4
0.8 [
V I 4
0.6 [
) ——= Results obtained by Habchi
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Fig. 2. (a) Velocity distribution across a straight channel heated from one side; (b) velocity and temperature distribution across a
straight channel heated asymmetrically from both sides (0 = 0.5 (left), 0 = 1 (right)).
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Gr/Re?=0.1 Gr/Re?*=1 Gr/Re?=3 Gr/Re’=5

(cl) (1 (el
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Streamlines (-1,0,-0.1)
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~

Fig. 3. Streamline and isotherm plots for convex entry at Pr=0.72 and R/L =1.04, at Re =100 ((al)—(el) and (a4d)—(c4)),
Re =500 ((a2)—(e2) and (a5)—(e5)), and Re = 1000 ((a3)—(e3) and (a6)—(e0)).
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ture profiles, and local and average Nusselt number
values.

5. Channels with convex entry

5.1. Effects of Reynolds number

5.1.1. Streamlines and isotherms

Fig. 3 shows streamline plots for different values of
Gr/Reé? at Re = 100, 500, and 1000 (R/L = 1.04). At
low Gr/Re?, buoyancy effects are weak, and separation
occurs at the exit from the heated convex section due
to the expansion in the cross-sectional area of the
channel. As Gr/Re® increases, buoyancy effects acceler-
ate the fluid near the heated wall causing the separ-
ation near the heated wall to disappear. This
elimination of the separation region occurs between
Gr/Re* of 0.1 and 1 for the Re range between 100 and
1000. Since the mass flow rate in the channel is con-
stant, acceleration of the flow near the heated surface
leads to a deceleration and eventual flow separation
adjacent to the insulated vertical wall.

The influence of Reynolds number can be assessed
by comparing the plots of a particular column in Fig.
3 (Pris fixed at 0.72). In view of the higher velocity at
Re = 500, the recirculation zone along the heated sur-
face, shown in Fig. 3(a2)—(e2), are larger and stronger
as compared with those in Fig. 3(al)—(el). As Re is
raised to 1000 (Fig. 3(a3)—(e3)), a further increase in
the size of the recirculation cells is noted. The stronger
separation at the higher Re is due to the higher adverse
pressure gradients associated with the area expansion
in the channel. At higher Re values, the reduction or
elimination of the flow separation adjacent to the
heated surface is delayed to higher Gr/Re* (since a
stronger buoyancy force is required to overcome the
greater adverse pressure gradients), and at the same
time, the separation adjacent to the insulated vertical
surface becomes larger. This can be seen clearly at
Re = 1000, where the signature of the separation near
the hot wall remains even at Gr/Re*> = 5. This implies
that even at this large value of Gr/Re?, the buoyancy
forces are not strong enough to completely overcome
the adverse pressure gradients at Re = 1000. However,
as at lower Re, the change in flow structure from flow
separation near the curved heated wall to separation
on the opposite vertical wall occurs primarily between
Gr/Reé? of 0.1 and 1. For Gr/Re*>1, the remnants of
the separation near the heated surface appears to be in
the form of a small vortex near the exit of the curved
section and lifted slightly away from the heated wall.

The corresponding isotherm plots for the above
cases are presented in Fig. 3(a4)—(e6). As shown, the
thermal boundary layer decreases in thickness as the

Reynolds number increases. This is revealed by the
denser concentration of isotherms near the hot wall. In
regions where flow separation begins, the isotherms
diverge reflecting a decrease in heat transfer associated
with the onset of separation. This can be seen in all
the isotherm plots where a separation along the heated
surface exists, and is expectedly more evident when the
separation is stronger. However, despite this initial
decrease in heat transfer following the onset of separ-
ation, the temperature gradients and heat transfer
again increases further downstream in the separation
region. This is due to the separated eddy which
impinges back on the curved surface beyond the lo-
cation of separation. The divergence of the isotherms
with the onset of separation followed by a convergence
of the isotherms further downstream leads to some-
what distorted isotherm contours that are evident in
Fig. 3(a5), (b5), (a6), and (b6).

5.1.2. Velocity and temperature distributions

The streamwise velocity distributions (non-dimen-
sionalized with the mean inlet velocity) for selected
cases are shown in Fig. 4(a)—(c). Fig. 4(a) shows
the velocity profiles across the mid-height of the
curved portion of the channel for different values of
Re (Pr=0.72 and Gr/Re* =0.1). This location is
just upstream of the onset of flow separation. As
shown, increasing Re has almost no effect on the
general shape of the velocity distribution at low
values of Gr/Re?, and forced convection effects
essentially dominate. The only observable difference
is that the velocity near the heated surface is lower
at the higher Re and is due to the associated higher
pressure gradients. On the other hand, Fig. 4(b) (at
Y =0.5) and Fig. 4(c) (at Y =0.9) show that for
high values of Gr/Re* (=5), buoyancy induced
acceleration near the heated surface produces a
local velocity peak near the heated wall. For the
highest Re (=1000), the near-wall boundary layer is
the thinnest, and the buoyancy induced peak is clo-
sest to the heated surface. The differences in the
near-wall velocity profiles for the different Re values
(at the same value of Gr/Re?) also indicate the im-
portance of Re as an independent parameter. At
lower values of Re, the same value of Gr/Ré?
appears to provide a stronger flow acceleration near
the heated wall. In Fig. 4(b) and (c), there is a
local minimum in the velocity profile just beyond
the location of the near-wall peak, and is presum-
ably associated with the combined effects of flow
rate reduction away from the wall to compensate
for flow acceleration near the wall, and the signa-
ture of the flow recirculation near the heated wall
(evident in the contour plot in Fig. 3(e3)). At a
higher Re, these effects are stronger, and the local
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minimum is more accentuated as seen in Fig. 4(b)
and (c). In Fig. 4(c), evidence of flow separation on
the adiabatic wall (X =0) can be observed at the
highest Re.

The influence of Re on the temperature distribution
for Gr/Re* = 0.1 and 5 can be seen in Fig. 4(d) and
(e), respectively. These curves reflect the isotherm plots
presented in Fig. 3. As stated earlier, the thermal
boundary layer thickness decreases as Re increases.
Therefore, as Re is increased, steeper temperature gra-
dients are obtained resulting in higher heat transfer
rates. Fig. 4(d) depicts the effect of Re on the tempera-
ture distribution near the exit of the channel (Y = 0.9)
at a value of Gr/Re?> = 0.1. The flow separation intro-
duces thermal distortion close to the hot wall, and as
shown in Fig. 3, this effect is stronger at a higher Re
value. However, as the strength of buoyancy forces or
Gr/Ré* increases, the recirculation bubble near the
heated wall diminishes (Fig. 3), and for Gr/Re*> =5, a
profile as shown in Fig. 4(e) is obtained, with no ther-
mal distortion in the profiles.
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5.1.3. Nusselt numbers

The heat transfer effectiveness of the channel is dis-
played in terms of local and average Nusselt number
values. The effects of varying Re on local Nusselt num-
ber (Nus) along the hot wall are illustrated for
Gr/Re* =0.1 and 5 in Fig. 4(f) for a Pr value of 0.72.
As the flow develops and the bulk fluid gets heated,
the Nusselt number profiles expectedly decrease from
their high values near the channel inlet. In general, the
level of Nug increases with Re due to the thinning of
the near-wall boundary layer and increase of the wall
temperature gradients. At Gr/Re® of 5, as seen in Fig.
3, no separation is observed near the heated wall for
Re = 100 and 500, and for these cases the Nug profile
is monotonic. For Re = 1000, the signature of flow
separation persists near the exit of the curved section,
and this manifests itself in the Nug profile as a sudden
dip (near S of 1) followed by an increase. At
Gr/Re* = 0.1, the separation near the heated curved
surface is present for all Re, and becomes stronger
with increasing Re. Recall that in the isotherm plots,

s - 15 -
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V L V F
0.6 I 0.6 —
L \ L
03 \ 03
L I\ L
0.0 n 1 L 1 L 1 \ IOO /i
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2_c v
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Fig. 4. (a)—(c) Velocity, (d), (e) temperature, and (f) Nusselt number distribution for different values of Re (convex entry;

R/L =125, Pr=0.72).
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Table 2
Average Nusselt number of the heated wall for all considered values of Re (Pr = 0.72)
Gr/Re? Re

100 200 300 400 500 800 1000

R/L=1.04, H=1, S = 1.34 (channel with convex entry)
0 7.68 8.95 10.09 11.04 11.87 14.0 15.38
0.1 7.71 8.91 9.97 10.86 11.61 13.63 15.15
1 8.69 10.25 11.5 12.62 13.65 16.44 18.11
3 10.25 12.83 14.98 16.91 18.69 22.95 25.03
S 11.2 14.37 17.01 19.34 21.35 25.89 28.09
R/L=1.04, H=1, S = 1.34 (channel with concave entry)
0 9.52 11.92 13.93 15.64 17.15 20.83 22.82
0.1 9.57 12.02 14.08 15.84 17.51 21.21 23.27
1 9.98 12.88 15.32 17.42 19.28 23.71 26.02
3 10.79 14.39 17.31 19.75 21.84 26.58 28.94
5 11.47 15.52 18.71 21.3 23.47 28.27 30.61
R/L=0o,H=1,5=1
0 8.33 9.72 10.74 11.57 12.31 13.98 14.89
0.1 8.39 9.84 10.92 11.81 12.58 14.43 15.42
1 8.83 10.71 12.18 13.39 14.43 16.85 18.06
3 9.60 12.02 13.86 15.33 16.53 19.2 20.51
5 10.18 12.93 14.93 16.49 17.74 20.5 21.86
R/L=00, H=1.34,S =134

0 9.43 11.39 12.67 13.71 14.32 16.71 17.51
0.1 9.46 11.56 12.93 14.06 14.68 17.39 18.24
1 10.11 12.81 14.72 16.31 17.29 20.92 22.08
3 11.16 14.61 17.04 19.0 20.17 24.26 25.46
5 11.93 15.82 18.5 20.61 21.82 26.06 27.27

the onset of separation led to a divergence of isotherms
(lower temperature gradients and heat transfer) but
further downstream in the separation region, the iso-
therms converged again leading to higher near-wall
gradients and therefore higher heat transfer. These ob-
servations are apparent in the Nug profiles at
Gr/Re? = 0.1, where a minimum in Nug is obtained in
the vicinity of a non-dimensional streamwise distance
of 0.6 followed by a gradual increase.

Average Nusselt number values over the hot surface
are calculated and compared with corresponding esti-
mates obtained in straight channels (Table 2). The
comparison is shown only for the highest curvature
(lowest aspect ratio, R/L = 1.04) case. For this case,
the dimensionless path length of the curved surface is
1.34, while the dimensionless height is 1. The first com-
parison is made with a straight channel of the same
height as the curved channel. For this case, the straight
channel has a smaller heated area (S = H =1) than
the curved channel. The second comparison is with
straight channels of heated areas equal to those of the
curved channels. In this case, the straight channels
have greater height (H =S =1.34) than the curved
channels.

Generally, Nu increases with increasing Gr/Re”> and/
or increasing Re. This is expected since increasing

Gr/Re* accelerates the near hot wall fluid and increas-
ing Re increases the inlet velocity and leads to thinner
boundary layers. At low Gr/Re?, values of Nu com-
puted in channels with convex entry reveal a reduction
in heat transfer rate as compared to the corresponding
values computed in straight channels of equal height.
This reduction in heat transfer, for R/L = 1.04, is due
to the separation region near the heated curved sur-
face, and is greater with increasing Re due to the as-
sociated increase in the size and strength of the
separation along the heated wall. At high values of
Gr/Re?, however (typically between 1 and 3), the sep-
aration along the heated curved surface is no longer
present and the heat transfer rate of channels with
convex entry is higher than that of a straight channel
of equal height. This is a direct consequence of the
greater surface area for heat transfer and therefore
higher buoyancy forces acting over a longer distance.
For R/L = 2.5 (values not shown in the table), no flow
separation is obtained along the heated wall, but the
flow decelerates due to an increase in cross-sectional
area and leads to a reduction in heat transfer at low
values of Gr/Re*. For this R/L also, the heat transfer
degradation on the convex surface changes to heat
transfer enhancement for a Gr/Re* value between 1
and 3.
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Fig. 5. Streamline and isotherm plots for convex entry at Re = 100 and R/L = 1.04, at Pr =0.72 ((al)—(el) and (ad)—(e4)), Pr=3
((a2)—(e2) and (a5)—(e5)), and Pr = 50 ((a3)—(e3) and (a6)—(e6)).
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In comparing with straight channels of heated length
equal to the curved channel with convex entry, expect-
edly for all values of Gr/Re?, the Nusselt number
values obtained for the straight channel are higher
than those computed in the curved channel. This is
because, in the straight channel, there is no flow separ-
ation or deceleration induced by increases in cross-sec-
tional area that occur in the channel with convex
entry.

5.2. Effects of Prandtl number

5.2.1. Streamlines and isotherms

Representative streamline plots are displayed in Fig.
5(al)—(e3) for different values of Pr and Gr/Re* at
Re =100 and R/L = 1.04. At low values of Gr/Re?,
the recirculation region at exit from the curved section
is dominated by the adverse pressure gradient effects,
and the thinning of the thermal boundary layer with
increasing Pr does not appear to greatly influence the

1957

separation region. As noted earlier, at Pr = 0.72, with
increasing values of Gr/Re?, the flow near the heated
surface is accelerated leading to the reduction and
elimination of the separation along the heated surface,
and resulting in the appearance of a recirculation
bubble along the insulated wall. However, as Pr is
increased, the corresponding decrease in the fluid con-
ductivity limits the acceleration of the near hot-wall
fluid to a thinner thermal boundary layer region.
Therefore, the corresponding decrease in velocity away
from the hot wall is also reduced, and at Pr = 50 sep-
aration does not occur on the opposite vertical wall.
The corresponding isotherm plots are presented in Fig.
5(a4)—(e6). As expected, the thermal boundary layer
decreases in thickness as Pr increases. This is reflected
by the denser clustering of isotherms close to the hot
curved wall as Pr increases. The spread of isotherms at
low values of Pr is due to a strong streamwise conduc-
tion that decreases the streamwise temperature gradi-
ent in the fluid. The separation-induced distortion of
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O Pr=50

(b)) Gr/R<§=5, Y=0.5

06 09 412 00 03 06 09 12
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Fig. 6. (a)-(b) Velocity, (c)—(d) temperature, and (e) Nusselt number distribution for different values of Pr (concave entry;

R/L = 1.25, Re = 100).
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the isotherms is evident at all Pr, and is more notice-
able as Pr increases.

5.2.2. Velocity and temperature distributions

The effects of Prandtl numbers on the velocity pro-
files across the channel’s mid-height are shown in Fig.
6(a) and (b) for Gr/Re* =0.1 and 5, respectively. As
depicted in Fig. 6(a), increasing Pr has almost no effect
on the general shape of the velocity distribution at low
values of Gr/Re?*. On the other hand, the Prandtl num-
ber value is seen to greatly affect the velocity profiles
at higher values of Gr/Re* (Fig. 6(b)). Note that Pr
appears only in the energy equation. In the pure forced
convection situation (Gr/Re*> = 0), the velocity field is
unaffected by Pr since there is no coupling between the
velocity and temperature field. At low values of
Gr/Ré?, the buoyancy source term that couples the vel-
ocity and temperature is small and the effects of Pr are
correspondingly weak. At high values of Gr/Re?, the
buoyancy source term in the Y-momentum equation is
large and variations in its magnitude due to a variation
in Pr strongly influence the velocity distribution.
Higher Pr implies lower thermal diffusion of heat

from the heated surface and lower magnitudes of the
buoyancy source term and buoyancy induced flow
acceleration. This explains the differences in profiles
obtained at high values of Gr/Re’ for different values
of Pr.

Fig. 6(c) and (d) illustrate the influence of Pr on
temperature distribution across the mid-height of the
channel for low and high values of Gr/Re?, respect-
ively. Unlike velocity, temperature profiles are affected
by Pr even at low values of Gr/Re?. This is to be
expected since Pr is an important parameter in the
energy equation and its effects are always present inde-
pendent of the magnitude of buoyancy forces. The var-
ious curves in Fig. 6(c) and (d) show that temperature
gradients are higher at higher Pr values due to a
decrease in the thermal boundary layer thickness. Fur-
thermore, it can be inferred from the figures that the
effects of Pr on the temperature profiles decrease with
increasing values of Gr/Re®>. Higher Gr/Re? values
imply higher velocities and higher advective heat trans-
fer coefficients. Thus, the effects of Pr or thermal diffu-
sion diminish in the wake of increasing advection
effects.

Table 3
Average Nusselt number of the heated wall for all considered values of Pr (Re = 100)
Gr/Ré? Pr
0.72 2 3 5 7.5 10 15 25 35 50
R/L =1.04, H=1, S = 1.34 (channel with convex entry)
0 7.68 9.57 10.7 12.46 14.13 15.46 17.54 20.48 22.6 24.98
0.1 7.71 9.51 10.6 12.31 13.96 15.28 17.32 20.23 22.32 24.68
1 8.69 10.73 11.79 13.37 14.82 15.98 17.75 20.27 22.05 25.19
3 10.25 13.01 14.39 16.41 18.25 19.68 21.87 24.84 26.88 29.06
5 11.2 14.41 16.0 18.28 20.34 21.92 24.25 27.25 29.33 31.34
R/L=1.04, H=1, S = 1.34 (channel with concave entry)
0 9.52 12.59 14.27 16.85 19.26 21.17 24.15 28.43 31.56 35.02
0.1 9.57 12.68 14.38 16.98 19.41 21.33 24.32 28.6 31.71 35.15
1 9.98 13.42 15.28 18.07 20.64 22.64 25.71 29.95 32.93 36.14
3 10.79 14.79 16.88 19.94 22.67 24.76 27.87 31.99 34.75 37.68
5 11.47 15.88 18.12 21.33 24.15 26.26 29.34 33.33 35.96 38.72
R/L=oco,H=1,S=1
0 8.33 10.53 11.73 13.46 15.08 16.36 18.31 20.94 22.65 24.45
0.1 8.39 10.62 11.83 13.57 15.2 16.48 18.43 21.03 22.73 24.51
1 8.83 11.31 12.61 14.45 16.14 17.43 19.34 21.8 234 25.07
3 9.60 12.43 13.88 15.85 17.58 18.85 20.69 22.96 24.44 26.02
5 10.18 13.27 14.80 16.84 18.58 19.84 21.61 23.8 25.21 26.75
R/L =00, H=134, S=1.34
0 9.43 12.27 13.61 15.76 17.87 19.46 21.95 25.42 27.81 30.09
0.1 9.46 12.4 13.7 15.92 18.05 19.65 22.14 25.6 27.96 30.31
1 10.11 134 14.8 17.15 19.4 21.04 23.53 26.85 29.06 31.15
3 11.16 14.89 16.52 19.08 21.46 23.13 25.58 28.69 30.71 32.63
5 11.93 16.0 17.76 20.43 22.88 24.55 26.94 29.92 31.85 33.69




F. Moukalled et al. | Int. J. Heat Mass Transfer 43 (2000) 1947-1963 1959

5.2.3. Nusselt numbers

Representative plots showing the effects of Pr on
local Nusselt number (Nug) distribution along the hot
wall are displayed in Fig. 6(e) for a channel of aspect
ratio R/L =1.25 and for two different values of
Gr/Re* of 0.1 and 5. In general, the level of Nug
increases significantly as Pr increases. This behavior is
due to higher temperature gradients along the wall as-
sociated with higher values of Pr. For a Gr/Re* of 0.1,
Fig. 4 (Pr =0.72) had indicated an increase in Nusselt
number toward the exit of the convex section following
a minimum at an S value of about 0.6. This behavior
was linked to the re-convergence of isotherms toward
the trailing edge of the separation. A similar behavior
is observed in Fig. 6(e) for all three Pr, except that the
behavior is considerably more accentuated at Pr = 50.

The overall heat transfer results (Nu) for different
values of Pr in channels with convex entry (and for
R/L = 1.04) are compared with corresponding values
obtained in a straight channel of equal height and
straight channels of equal heated lengths in Table 3.
‘Nu increases significantly with increasing Pr, and is
due to a decrease in the thermal boundary layer thick-
ness with a consequent increase in the temperature gra-
dient as Pr increases. Comparing the curved channel
heat transfer rates with those of a straight vertical
channel of equal height, it is apparent that the curved
channel heat transfer rates are higher only for high
Gr/Reé* and Pr values. For R/L =1.04, the curved
channel heat transfer rates are higher only for Pr = 50
for Gr/Re*<1 and for all Pr for Gr/Re*>3. At
R/L = 1.25, the parameter window for which enhance-
ment occurs is reduced, and for R/L = 2.5 no enhance-
ment is noted. When comparing with straight channels
of equal heated surface area, the curved channel with
convex entry always has lower heat transfer rates.

5.3. Average Nusselt number correlations

The average Nusselt number over the heated surface
has been correlated as the product of two functions,
one, that is a function of the flow parameters Re,
Gr/Re?, Pr, and the other that is a function of the cur-
vature or the aspect ratio R/L. Note that once R/L is
specified, the height of the curved surface H and the
heated length S can be both uniquely determined, and
therefore, do not have to be directly incorporated in
the correlations. Thus, the average Nusselt number is
expressed as:

Nu= MSC x CE (6)

where CE is the curvature effect and Nugc is a corre-
lation that has the same functional form as a straight
channel correlation [22], and contains the flow par-
ameters Pr, Re, and Gr/Re?>. The correlation for Nusc

is expressed as:

Nusc = 6.85F(Pr)Re'/*F, <Pr, RG—;)PFO'I 7
where
-1/4
2/3
.04
Fi(Pr) = 0.399 Pr1/3|:1 + <M> } ;
Pr
o ®

Gr 2E(Pr) ( Gr \"* ’
e 2l )=31+|22 T
2( " Re2> + 3F1(P;~)(Re2>
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Fy(Pr) = %Pr”z[ZS(l +op 2 4op) ] )

The correlation for the curvature effect CE is given by
the following expression

R*
CE = 0.0075 x Fy| [ = ) | x EGR" " x pyO-0! (10)
L
where
3/2
(Gr/Rez) +Re"3
EGR=14+—-+———;
(R/L)

SOIREECR O

(F) =17
)= TwL

The above correlation is valid to within 15%.

6. Channels with concave entry

The channel with concave entry represents a situ-
ation where the cross-sectional area changes aid buoy-
ancy effects. Streamline and isotherm contours are not
presented for this case, but it should be noted that no
flow separation is noted in this situation, since the
cross-sectional area of the channel decreases in the
streamwise direction. The effect of the various par-
ameters is presented through a comparison of the vel-
ocity, temperature and Nusselt number line plots, and
tables of average Nusselt number values.

6.1. Effects of Reynolds number

6.1.1. Velocity and temperature distributions
Fig. 7(a) shows the velocity profiles across the mid-
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height of a concave surface of curvature ratio R/L =
1.25 for different values of Re (Gr/Re* =35 and
Pr=0.72). The behavior shown in Fig. 7(a) is similar
to that of Fig. 4(b), but with more modest parametric
effects. Recall that for convex entry, these effects had
been attributed to the combined effects of flow separ-
ation, and near wall flow acceleration with associated
reduction in flow away from the wall. In the present
case, with concave channel entry, there is no flow sep-
aration, and so, only the flow acceleration effects are
prominent. However, in the present case, the flow
acceleration is not limited to the heated surface (where
buoyancy-induced acceleration takes place) but flow
accelerates across the entire cross-section due to a
decrease in the cross-sectional area downstream. There-
fore, at the exit from the curved concave section (Fig.
7(b)), the effects of flow reduction away from the wall
are minimized.

Fig. 7(c) illustrates the influence of Re on the tem-
perature distribution across the mid-height of the same

1.6
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04 [ 4
0.0 N
0.0 0.4 0.8 1.2 1.6
X
(a) Gr/Re’=5, Y=0.5
1.0
- Re=100
08 | Re=500
Lo - Re=1000
06 [
0 L
04 [ i
02 [ /
. | . I J—'://
0.0
0.0 0.4 0.8 1.2 1.6

X
() Gr/Re?=5, Y=0.5

channel at Gr/Re* =5 and Pr=0.72. The thermal
boundary layer thickness decreases as Re value
increases, leading to higher near wall temperature
gradients. The near-wall gradients are greater relative
to the convex entry case since the near-wall flow accel-
eration is stronger for the concave entry case with the
flow aided by both decreasing cross-section and buoy-
ancy.

6.1.2. Nusselt numbers

The effects of varying Re on local Nusselt number
(Nug) variation along the hot wall are illustrated in
Fig. 7(d). Re appears to have significant effect on Nug
in the channel with concave entry at both low and
high values of Gr/Re?. For a given Gr/Re?, the level
of Nug increases with increasing Re due to the associ-
ated higher near wall velocity and temperature gradi-
ents (Fig. 7(a)—(c)). Moreover, as the flow approaches
the exit, the decrease in the channel’s cross-sectional

1.6
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V08 [
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-------- Re=1000
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Fig. 7. (a)—(b) Velocity, (c) temperature, and (d) Nusselt number distribution for different values of Re (concave entry; R/L = 1.25,

Pr=0.72).
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area further increases the velocity and enhances the
forced convection contribution to total heat transfer.
This produces a corresponding increase in Nug near
the channel exit.

The overall heat transfer results (Nu) displayed in
Table 2 show Nu values in the concave-entry channel
to increase with Re as expected, and they are generally
higher than the corresponding values in the convex-
entry channel. The Nu values decrease with increasing
R/L, but are always greater than the case of a straight
channel of equal height. However, when compared
with a straight vertical channel of equal heated surface
area, at a given Re, there is a critical Gr/Re®> below
which heat transfer enhancement is obtained with con-
cave-entry channels. At R/L = 1.04, the degradation
window where enhancement is not obtained is small,
and is limited to Re<200, and Gr/Re*>1 for Re =
100 and Gr/Re?>>3 for Re = 200. As R/L increases, so
does the degradation window, and at R/L =2.5, no
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enhancement is obtained only for Gr/Re?’>3 at any
Re.

6.2. Effects of Prandtl number

6.2.1. Velocity and temperature distributions

The effects of Pr on the velocity profiles across the
channel mid-height are shown in Fig. 8(a) and (b) for
Gr/Re* = 0.1 and 5, respectively. The temperature dis-
tribution corresponding to Fig. 8(a) is shown in Fig.
8(c). The behavior shown in Fig. 8(a)—(c) is quite simi-
lar to that shown in Fig. 6(a)—(c), and the reasons for
these variations are quite similar to that noted pre-
viously. As depicted, increasing Pr has almost no effect
on the general shape of the velocity distribution at low
values of Gr/Re?. On the other hand, Pr is seen to
greatly affect the velocity profiles at higher values of
Gr/Re?. This is because, as stated earlier, Gr/Re*> con-
trols the coupling between the energy and the flow
equations, and Pr, which appears in the energy

(b) Gr/Re? =5, Y=0.5

————— Gr/Re’=0.1 * Pr=
Gr/Re’=5.0 > Pr
O Pr=

(d)

Fig. 8. (a)—(b) Velocity, (c) temperature, and (d) Nusselt number distribution for different values of Pr (concave entry; R/L = 1.25,

Re = 100).
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equation has an important effect only when this coup-
ling is strong.

6.2.2. Nusselt numbers

The effects of varying Pr on local Nusselt number
variation along the hot wall are illustrated in Fig.
8(d) (Re =100). In general, due to higher tempera-
ture gradients associated with higher values of Pr,
the level of Nug increases as Pr increases. More-
over, results presented in Fig. 8(d) suggest the pre-
sence of a critical Pr for which natural convection
effects are maximized. Furthermore, as the flow
approaches the exit, Nug increases significantly due
to flow acceleration induced by the decrease in the
channel cross-section.

The average Nusselt number values presented in
Table 3 indicate higher heat transfer rates in concave-
entry channels over a straight channel of equal height
at all values of Pr. The enhancement levels increase
with increasing Pr. Compared to the effect of Pr, the
effect of Gr/Re* is more modest. For example, at
Pr=0.72, the enhancement decreases from 14.3% at
Gr/R* =0 to 12.7% at Gr/Re* =5, while for
Pr =50, the enhancement increases from 43.2% at
Gr/Re* =0 to 44.8% at Gr/Re* = 5. This indicates a
dominance of forced convection effects in concave-
entry channels. Moreover, Table 3 indicates the
presence of a critical Gr/Re?> value below which heat
transfer in concave-entry channels is higher than its
counterpart in straight channels of equal heated sur-
face area. This critical value increases with Pr and
decreases with R/L.

6.3. Average Nusselt number correlation

The average Nusselt number over the heated surface
is correlated, as before, by Eq. (6), with the CE func-
tion representing the effects of concave rather than the
convex entry. The CE functional expression for the
concave entry case is correlated by:

R\ Gr —0.015
_ 0.05 0.02
CE = 0.8F; (Z) X Re”™ x Pr’°c x (ﬁ+l)

(12)

where

][]
o) (5]

The above correlation is again accurate to within 15%.

(13)

7. Closing remarks

The effects of Re and Pr on mixed laminar convec-
tion heat transfer in convex- and concave-entry chan-
nels are studied numerically. A detailed investigation
has been undertaken for different values of Re, Pr,
Gr/Re* and R/L. Comparisons have been made with
equivalent straight channel configurations. The follow-
ing are some of the important observations made:

Convex-entry channel

1. For R/L=1.04 and 1.25, flow separation is
observed along the convex heated surface at low
Gr/Re* due to adverse pressure gradient effects as-
sociated with increasing cross-sectional area in the
flow direction. As Gr/Re* increases to 5, buoyancy
induced acceleration is sufficient to eliminate this
separation at Re = 100 and 500, while at Re > 500,
the large separation reduces to a small lifted vortex.
The buoyancy-induced acceleration near the heated
curved wall produces a velocity-peak in the bound-
ary layer adjacent to the heated surface and is as-
sociated with corresponding deceleration away from
the wall which then leads to flow separation on the
opposite wall. At high Pr (=50) however, no flow
separation on the opposite wall is obtained. For
R/L = 2.5, the adverse pressure gradient is not suf-
ficiently strong to cause flow separation along the
heated wall.

2. For low Gr/Re?, the Nusselt number reaches a
minimum near the onset of flow separation along
the heated wall of the convex-entry channel, and
then increases toward the channel exit. This beha-
vior is accentuated at high Pr. For high Gr/Re?,
since no flow separation exists along the heated
wall, the behavior is more monotonic.

3. The effect of increasing Prandtl number on the
total heat transfer is considerably greater than the
effect of increasing Gr/Re?. The overall heat trans-
fer in the convex-entry channel is greater than the
overall heat transfer in a straight channel of equal
height only for low R/L, high Gr/Re* and high Pr
values. The comparison is not favorable when the
convex-entry channel is compared with a vertical
channel of equal heated length or area.

Concave-entry channels

4. For concave-entry channels, flow separation is
not encountered. The decreasing cross-sectional
area combined with buoyancy increase the channel
velocities and the near wall gradients. Therefore,
surface heat transfer rates are considerably greater
than in a convex-entry channel.
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5. The near wall flow acceleration due to buoyancy
is most pronounced for low Prandtl number in the
concave-entry channel, and is the smallest at high
Prandtl numbers. The near wall flow acceleration
leads to the Nusselt number increasing toward the
concave-entry channel exit following a minimum in
the mid-regions of the channel.

6. The overall heat transfer in a concave-entry
channel is always greater than a straight channel of
equal height. When compared to a straight channel
of equal heated surface area, there is a critical
Gr/Re* value, below which heat transfer enhance-
ment is obtained with concave-entry channels.
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